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Abstract

A new kind of interference fringes, fringes of equal tangential inclination by curvature-induced birefringence, is presented. These are
two-beam interference fringes produced by bending a thin sheet of birefringent material into a part of an exact cylinder such that the
curvature is constant. Due to this curvature there is a uniform birefringence being induced. The change in birefringence induced by
applying different radii of curvatures to a Fortepan sheet is measured. The stored (fixed) or natural birefringence of this sheet is deduced.
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1. Introduction

Photoelasticity is a well-established technique for stress
analysis and it has a wide range of industrial and research
applications. Several methods of analyzing photoelastic
fringe patterns by means of phase-measuring techniques
have been presented. Quiroga and Gonzalez Cano [1] pre-
sented a phase-measuring algorithm for extraction of the
isochromatic of photoelastic fringe patterns. Measurements
of birefringence induced in fused-silica specimens by a
crack produced by a 351-NM/500-Ps Nd: glass laser was
presented [2]. Eugene and Chiayu [3] described a sen-
sitive method for measuring the stress birefringence of
an optical window that utilizes a phase-measuring Fizeau
interferometer incorporating a visible retarder and a non-
polarizing beam splitter. An overdeterministic least-squares
phase-stepping method for automated photoelasticity was
described [4]. Medhat et al. [5] used an interferometric
method to investigate the effect of controlled stress on a
transparent plate of plastic. Logan et al. [6] presented mea-
surements of birefringence induced in a suspended sample
of fused silica by its suspension. Ye et al. [7] applied
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a uniaxial stress to the single crystals of Cr—Cl boracite. The
domain structure and the birefringence have been analyzed
and correlated to the crystal symmetry of the initial and the
induced phase. Gauthier and Farahi [8] studied the effect
of externally induced birefringence on visibility and output
phase in the optical fiber linking two tandem interferome-
ters. Mivete et al. [9] have studied the interference patterns
of multiple reflections from a uniaxial, optically active and
non-absorbing plane-parallel plate under oblique incidence.
The interference fringes formed by interferometers based on
the use of uniaxial wedges were found by Garea and Simon
[10]. A method for birefringence measurement using over-
lapping of interference fringes was developed by Zhaoshu
[11]. The present work aims at studying the effect of bend-
ing on a polyester base (glossy, retouchable surface) such
as Fortepan 200 photographic plate. This effect is investi-
gated both theoretically and experimentally, making use of
a new kind of interference fringes. The stored fixed birefrin-
gence and induced birefringence for the samples used are
evaluated.

2. Theory of fringe formation
When a beam of linearly polarized light emerges from a

polarizer and is incident normally on a plane-parallel bire-
fringent crystal plate, of thickness ¢ and having its optic axis
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parallel to its surface, it divides into two rays (ordinary and
extraordinary) with different velocities of propagation. The
light propagates in the same or different directions but with
different velocities and this produces a phase shift between
the transmitted light waves. The amplitudes of these waves
depend on the orientation of their electric vector relative to
the optic axis. When the analyzer, which is crossed with
the polarizer, recombines the two waves they both acquire
equal amplitudes. The regions where the differences of the
phases of the waves are even multiples of n appear dark.
The regions where the phase differences are odd multiples
of 7 appear bright .The difference in phase ¢ between the
two waves is given by [12]

@ = 2n/D)t|(no — ne)l; (1)

where n, and n. are the refractive indices in the parallel
and perpendicular directions to the optic axis or the applied
stress and A is the wavelength of the light used.

Suppose that a birefringent plate of uniform thickness is
placed between two crossed polarizers and illuminated by
a parallel beam of monochromatic light normal to it. The
plate is uniformly illuminated and the luminous intensity
distribution for crossed polarizers is given by [13]

I = E?sin® ¢/2, (2)

where E is the amplitude of the light incident on the plate.

It should be noted that if the optic axis is either parallel
or perpendicular to the direction of polarization, the fringes
will have zero visibility. Also, if the optic axis lies parallel
to the direction of propagation, there will be no difference
in propagation speeds between the two polarization compo-
nents, and no fringes are obtained.

Now, if the plate has a variable thickness ¢, the plate
will no longer show uniform illumination and variations of
intensity will follow the variations in thickness according to
Eq. (1). In a region where one has

|(no_ne)|t:q/1a 3)

the intensity after crossed polarizers will be zero, where ¢
is an integral number, i.e., a dark fringe is observed. Now
move to a neighboring region where one has |(n, — ne)|
t' = (g + 1)A; then one observes the next dark fringe. In
passing from a dark or bright fringe to the next dark or
bright fringe, respectively, the thickness varies by an amount
equals to 4/|(n, — ne)| [14].

In this paper, two-beam interference fringes are produced
by bending a thin sheet of transparent photographic film
of thickness ¢ into a part of an exact cylinder of constant
radius » and center of curvature O as in Fig. 1. Due to
this curvature there is a stress applied upon it. This means
that two kinds of birefringence are included. One is the
stored (fixed) birefringence, which is already present in the
sheet and was preimposed into it during its manufacturing.
The other is the additional controllable birefringence that
is induced on the sample sheet by bending it in a curve,
where some stresses are imposed on it. It should be noted

Y

Fig. 1. Transparent anisotropic material in a curved form illuminated with
a parallel beam of light.

that bending the film in such a curved manner produces two
types of stresses, namely, a compression stress towards the
concave face of the film and a tension stress towards the
convex face. Thus, the sign of the stress is actually likely to
change as it varies from compression to tension through the
thickness of the film. These two stresses are not equal and it
seems that the strain of the film material due to compression
is not equal to that due to tension. The difference between
the compression and tension stresses produces a resultant
stress that imposes a uniform birefringence allover the film
surface. The optic axis lies in the film and takes the shape
of its curved surface. In any cross section of the film taken
perpendicular to its cylindrical axis, the optic axis is tangent
to a circle. It is clear that the optic axis varies in direction
rather than lying parallel to a single line. For a collimated
light wave, that falls normal to the axis of the film cylinder,
the electric vector that is parallel to the cylinder axis is
any where perpendicular (vertically) to the optic axis and it
contributes to n, . The electric vector that is perpendicular to
the cylinder axis is resolved into two components at the point
of incidence on the film. One component is perpendicular
to the film surface and hence perpendicular (horizontally)
to the optic axis (that contributes also to n,). The other
component is parallel to the film surface and hence parallel
to the optic axis at the point of incidence (that contributes to
ne). The stress increases by increasing the curvature of the
sheet, i.c., by decreasing the radius of curvature . Hence, the
measured birefringence An in presence of stress (through
r) is greater than that when no stress is applied, i.e., when
r=o0. Therefore, the actual stored birefringence An, is that
value corresponding to 1/r = 0.

A parallel beam of monochromatic light is incident on
the concave face of a Fortepan sheet film. Fringes can be
seen over relatively wide ranges of both ¢ and r. The rel-
ative refraction effects within the film have been neglected
because the film is very thin and An is small enough. To a
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close approximation both faces can be considered to have
the same radius of curvature. A geometrical analysis serves
to obtain the interference equation as follows. The fringes
are formed on a screen behind the sample, perpendicular to
the axis of symmetry OX and on both sides of it. Then, the
distance between a pair of symmetrically situated fringes
on both sides of this axis will be called the diameter of the
fringe 2Y. From Fig. 1 we have

cosO = (r +1)/\/(r +1)*+ Y2 (4)

Where 6 is the angle of incidence and Y is the distance
between the situated fringe and the original axis OX which
is equal to AB or is the radius of the fringe. But in ABCD:

cos 0 = t/d, %)

where ¢ is the thickness of the birefringent sample at the
center and d is the thickness along the path of the incident
parallel beam of light. From Egs. (4) and (5), we get

td =@ +t)//(r+1)? + Y2 (6)

Eq. (6) can be rewritten as follows:

d=[t)/(r + 0O (r+ 12+ Y2 (7

The interference pattern is due to the variation of d which
varies with Y. Under this condition the phase difference
between the E- and the O-rays is given by Eq. (1). When the
phase difference is equal to integral multiples of 27 no light
passes through the analyzer, hence, a dark fringe is formed
at each thickness for which:

And = (m + p)4A, (3)

where An =|(n, — n.)|, m is the order of appearance and p
is the order of interference when Y equals zero.

According to Eq. (8), the fringe is the locus of all points
of equal An and d (or Y'). Thus, the fringe shape is a straight
line parallel to the cylinder axis. Also, there are two positions
on both sides of the axis OX having the same Y and hence
the same m. By this means, the fringe pattern is a set of
parallel straight lines parallel to the cylinder axis and has a
common axis parallel to it and passing by the point ¥ = 0.
Around this axis, there are sets of fringes, each has two
fringes of the same m and symmetrically placed (+Y and
—Y) on both sides of this axis. Thus, each fringe although
being straight in shape, it has a diameter (2Y) and radius
Y. Referring to Eq. (4), Y varies with the angle 6, which
is the angle between the direction of the incident beam and
the radial direction meeting the fringe. Also, from Fig. 1,
the angle between the tangent to the sheet at the point of
fringe formation (B) and the cord (BA) equals (6/2), hence,
comes the name fringes of equal tangential inclination

Substituting Eq. (7) into Eq. (8) then,

[t/(r + )N/ (r + t)? + Y2 = (m + p)i/An, )
2 1" ma P
[lmﬂ)z] = ian A (10)

Since m =0 at Y =0 and

p=tAn/l,
then, substitution in Eq. (10) gives
YZ 12 m)\.
1+ —— =—+1 11
{ +(r+t)2] iAn (1

By using Maclaurin series the left-hand side of Eq. (11) can
be written as follows:

(r +1)? 2 (42 A\ +1)?

Since (r +¢)>> Y2, then

r2 \" 1y
14+ —— ~1l4+-—7. 12
< +(r+t)2) NPT (12)
By substituting Eq. (12) into Eq. (11) we get
1 Yz ml
- = 1. 13
Jr2(r+t)2 tAn+ (13)
Then
20(r + 1)
V== |m 14
{ tAn " (14)

This equation represents a linear relation between the or-
der of the fringe m and the square radius of it Y2. There is
a direct proportionality between birefringence An and the
curvature (1/r). Also, crowded fringes occur by decreasing
the radius of curvature ». By knowing the wavelength of
the monochromatic light used, the radius of curvature and
thickness ¢, the induced birefringence An is obtained for an
anisotropic material.

3. Experimental work and results

The optical setup used to produce two-beam interference
fringes in transmission is shown in Fig. 2. O is a mercury
lamp with filter (1=546.1 nm) used as a source of light, L, is
a condensing lens with focal length 3 c¢cm to form minimized
image of the source on the pinhole, C is a pinhole to increase
the spatial coherence of the light source. L, is a collimating
lens of focal length 10 cm to produce a parallel beam of light.
Nj is a linear polarizer to give a linearly polarized light. S
is the sample of thickness 0.22 mm of developed Fortepan
photographic plate in a curved form. This plate is made

o Ly c L. Ny S No Ls H
A A A
Y ‘ % v

Fig. 2. Optical setup for measuring the birefringence of an anisotropic
optical material.
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(b)

(d)

Fig. 3. The interference fringes due to different radii of curvature of
Fortepan photographic sheet: (a) fringes around the center (» = 3 cm),
(b)yr=2cm, (c)r=3cm, (d) r=4 cm, and (e) r =5 cm.

in Hungary by Forty Photochemical PLC 2601 VAC. N; is
a linear polarizer placed crossed with Ny. Lj is a lens with
long focal length 15 cm to form an image on photographic
plate H to record the interference pattern. The fringes as
recorded on the photographic film H are shown in Fig. 3 for
different specified radii of curvature.

The resulting two-beam interference fringes are serially
numbered from one to m and their positions on the photo-
graphic film are measured. Thus, for each m the value of
Y is obtained at a certain radius of curvature. Fig. 4 shows
the relation between Y2 and m at different radii of curva-
ture 7 (i.e., at different stresses) for the anisotropic sample.
From the slopes of these relations An is deduced for differ-
ent specified r.

From the relation between induced birefringence An and
1/r, the value of the natural (stored) birefringence An, is
obtained as shown in Fig. 5. This is the intersection of An
axis at infinity value of r, i.e., there is no applied stress and
the sheet is plane surface. The value of the natural (stored)
birefringence (An,) for the sample used is equal to 0.031
for A =546.1 nm.
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Fig. 4. Relation between squared radius of fringe Y2 and the order of
fringe m at different radii of curvature with a mercury lamp of wavelength
546.1 nm.
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Fig. 5. The relation between induced birefringence An for a developed
Fortepan transparent photographic plate as an anisotropic material by
using a mercury lamp of wavelength equal to 546.1 nm, and reciprocal
radius of curvature 1/r.

4. Conclusion

A new kind of interference fringes is presented and used to
evaluate induced and natural birefringence. Bending a bire-
fringent plate (Fortepan photographic plate is used in our
experiment) changes its birefringence. In a curved sheet, the
induced birefringence An at each radius of curvature is ob-
tained. The induced birefringence An increases by decreas-
ing radius of curvature (i.e., by increasing the applied stress
causing curvature.) and the number of fringes increases and
crowds around the center. The natural (stored) birefringence
An, for a Fortepan photographic plate is obtained at infin-
ity value for the radius of curvature (zero stress).The error
of finding An is found from Eq. (14) as follows:
o(An) 04 ot  20r 20Y  Om

An A t+r+Y+m' =

The error in d4 is 102 nm, 8¢ = 5 x 1073 mm, ér =
5 x 1072 mm and ém = 0. The error in measuring ¥ de-
pends on the errors of locating the interference fringe. This
error depends on the resolution limit of the reading instru-
ment and the accuracy of locating the peak of the fringe.
The resolution of the reading instrument used was 10 pm,
the accuracy of locating the peak depends on its sharpness.
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Then 6Y = 5 x 10~2 mm. For 1 = 546.1 nm, ¢ = 0.22 mm,
r=>50 mm, ¥ =40 mm and An=0.031, the error in finding
Anis 82 x 107*.
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